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circular flap to the shroud further increases the shroud's exit
area Ae and, as expected, also increases r. Every shroud has
its own optimal load factor CD; in general, an increase in the
shroud exit area (with or without flaps) reduces the optimal
value of CD (see Fig. 4).

Conclusions
The main object of this work was to arrive at a compact

shroud configuration. The shrouds of models, C (i), C (ii),
and C (iii), had "economical geometry/' i.e., a fairly short
length relative to the turbine diameter (total length to throat
diameter ratio of the order of 3:1). Furthermore, when the
wind direction changes, an increase in rcan be expected in the
shrouded aerogenerator as long as the yaw angles are within
the shroud's stall range (about ±25°). Increasing the shroud
exit area will increase the power ratio obtained under given
stream conditions. The addition of a circular wing (flap)
causes a significant improvement in the shroud performance
(increase in r) but reduces significantly the stall range of the
shroud. (Now rmax will be reached at 0 = 0°, see Fig. 3.) Three
additional advantages of the use of shrouds for aero-
generators are 1) the axial velocity at the turbine section is
higher than the freestream velocity, thereby making it possible
to build smaller rotors that rotate at higher rpm; 2) by virtue
of the enclosure produced by the shroud, tip losses can be
significantly reduced; and 3) axial flow turbines are ap-
propriate for use with shrouds. It has been shown that such
turbines are capable of producing stable output at varying
wind velocities without requiring a pitch control mech-
anism.10
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Introductionr HE generalized inverse of a matrix1 has been used ex-
tensively in the areas of modern control, least-square
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estimation, and aircraft structural analysis. In a recent
paper,2 certain practical aspects of the generalized inverse
were discussed. It is the purpose of this engineering note to ex-
tend the results of Ref. 2 by presenting a unified framework
that provides geometric insight and highlights certain optimal
features imbedded in the generalized inverse.

Consider the algebraic matrix equation

y=Ax (D

where A is an n x m constant matrix, y is a given n vector, and
x is an m vector to be determined. For the trivial case where
n = m and A is a nonsingular matrix, i.e., rank (A) = n, a
unique solution to Eq. (1) exists and is given by

x = A~'y (2)

where A ~l designates the inverse of A.
For the case n^m, the expression of jc in terms of y involves

the generalized inverse of A, denoted A + , and thus

= A+y (3)

In the following cases it will be shown that A + , for either
n>m or n<m, may be viewed as a solution to a certain
minimization problem.

With no loss of generality it can be assumed that A is of full
rank, i.e.,

rank (,4) =m (4)

If, however, rank (A) <m, it is possible to delete the depen-
dent columns of A, set the respective unknown components of
x equal to zero, and reduce the problem to the case in which
Eq. (4) is satisfied. Since the m columns of A do not span the
n dimensional space Rn, an exact solution to Eq. (1) cannot be
obtained if y is not contained in the subspace spanned by the
columns of A. Thus, one is motivated to seek approximate
solutions, the best of which is the one that minimizes the
Euclidian norm of the error. Let the error e be given by

e=y—Ax

Then let z be given by

z = \\e\\2=eTe = (y-Ax)T(y-Ax)

(5)

(6)

where the superscript T denotes the transpose. Evaluation of
the gradient of z with respect to jc yields

dz/dx= -2A Ty + 2A TAx =

while the Hessian matrix is

d2z/dx2=2ATA

From Eq. (7), jc is given by

x=(ATA) ~lATy

(7)

(8)

(9)

By virtue of A having full rank, (A TA) is a positive definite
matrix. Thus (ATA)~I exists and the Hessian matrix is
positive definite, implying that a minimum was obtained. In
this case (n > m) the generalized inverse of A is given by

A + = (ATA)~}AT (10)

It is interesting to note that if y is contained in the subspace
spanned by the columns of A, Eq. (9) yields an exact solution
to Eq. (1), i.e., II dl =0. The optimal feature of Eq. (9) has
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found extensive applications in data processing for least -
square approximations.3 In closing it should be noted that
Eq. (9) can be obtained by invoking the Orthogonal Projec-
tion Lemma,4 thus providing a geometric interpretation to
the optimal features of Eq. (10).

Again, with no loss of generality, it can be assumed that A
is of full rank, i.e.,

rank (A) =n (11)

If, however, rank(/4)< /?, it implies that some of the equations
are merely a linear combination of the others and therefore
may be deleted without loss of information, thereby reducing
the case rank(/4) < n to the case rank(A) — n. Moreover, if A
is a square singular matrix, it can be reduced to case B after
proper deletion of the dependent rows of A.

As posed, Eqs. (1) and (11) with n<m yield an infinite
number of solutions, the "optimal" of which is the one
having the smallest norm. Therefore, one is confronted with a
constrained minimization problem, where the minimization
of lljcll (or equivalently (l/2)lljcll2) is to be accomplished sub-
ject to Eq. (1). Adjoining the constraint, via a vector of
Lagrange Multipliers (A), to the fundamental to be minimized
we obtain

H= '/2\\x\\2 + \T(y-Ax) = >/2XTx + \T (y-Ax)

Evaluating the respective gradients

dH/dx=x-AT\ = 0

dH/d\=y-Ax = 0

From Eq. (13)

x = AT\

Substitution of Eq. (15) in Eq. (14) yields

y = AAT\

or

\=(AAT)~1y

(12)

(13)

(14)

(15)

(16)

(17)

The existence of (AAT) ~l is guaranteed by virtue of Eq.
(11). Substitution of Eq. (17) in Eq. (15) yields

x = AT(AAT) -*y (18)

In this case (n < m) the generalized inverse of A is given by

A + =AT(AAT)-] (19)

For the sake of completeness it should be noted that the
norm minimization of IIe\\ and lljcll of Eqs. (6) and (12),
respectively, can be performed relative to extended vector
norms, where a norm of a vector w is defined as wTQw and
Q is a compatible positive definite weighting matrix. By so
doing, one can choose the relative emphasis of the magnitudes
of the vector components being minimized.

For case A, Eq. (6) becomes

= eTQe=(y-Ax)TQ(y-Ax)

with the solution

x=(ATQA)~IATQy

(20)

(21)

For case B, Eq. (12) becomes

H= 1/2

with the solution

x=Q~1AT(AQ-IAT)- I T ~ 1

(22)

(23)

A unified framework has been presented showing that the
generalized inverse of a matrix can be viewed as a result of a
minimization problem leading to a practical engineering in-
terpretation.
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Introduction

PROBABLY the most widely used approach for sizing of
flight structures under strength and minimum gage

constraints is fully-stressed design (FSD). In this method the
structural sizes are iterated with the step size depending on the
ratio of the total stress to the allowable stress.1'3 The FSD
procedure traditionally is used to obtain, at a reasonable com-
putational cost, designs which, if not at a minimum weight,
are at least acceptably close to the minumum weight.2

Almost all of the experience with FSD has been with struc-
tures primarily under mechanical loading as opposed to ther-
mal loading. The temptation in including thermal loads in
FSD is simply to continue to use the total stresses in com-
puting the iteration step size. This approach seems satisfac-
tory when mechanical stresses dominate the thermal stresses.4

Convergence may be slow, however, when thermal stresses are
comparable to mechanical stresses. The slowed convergence is
associated with relative insensitivity of the thermal stresses to
changes in structural sizing. Therefore, procedures are needed
which take into account the differing responses of thermal
and mechanical stresses to changes in structural sizes.

An improved variant of FSD for uniaxial stress members
was described in Ref. 4 and demonstrated for automated
sizing of truss-type structures. For problems having sub-
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